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Abstract
In this paper, we evaluate the impact of selfish behavior
through a game-theoretic analysis of TCP Vegas and FAST
TCP. By theoretical analysis, we obtain the Nash Equilibrium
in these games and study the loss of efficiency under Nash
Equilibrium. Our results show that if the users are selfish,
then the efficiency of the network as a whole relies on the
utility function of individual users. The efficiency of the
system degrades under some conditions and remains optimal
under other conditions. This motivates us to borrow the
notions of Price of Anarchy and Tragedy of the Commons in
Game Theory to describe this efficiency loss. We calculate
the Price of Anarchy and provide the necessary and sufficient
condition under which the TCP Vegas Game (FAST TCP
Game) is a Tragedy of the Commons. Finally, we validate the
theoretical results by the simulations carried out using NS-2.

1 Introduction
About two decades ago, congestion collapses of the Internet
led to the development of TCP’s congestion control algorithm
[22]. Like other communication systems, TCP’s congestion
control aims at efficient and fair share of common and usually
scarce network resource among competing users. The design
of such congestion control algorithm is difficult because the
availability of resources and set of competing users vary over
time unpredictably [3]. These constrains, together with the
distributed nature of the control operation, make feedback
control a good choice. Based on the different measure of
congestion, current TCP versions can be divided into two
classes: loss-based versions, such as TCP Reno and its
enhancement [22,23,24,12,8,11,16]; and delay-based versions,
such as TCP Vegas [10] and FAST TCP [3].
However, one main problem with all these versions is that
they all assume that users are cooperative and always respect
the protocol rule, and they do not provide any guarantee or
verifying whether the users are cooperative or selfish. Many
authors have noticed the conventional TCP end-to-end

congestion control algorithms are voluntary and critically rely
on users’ cooperation [1,14,17,19,13,9,18,7]. In [1], the
authors show that selfish behavior can result in system
instability and inefficiency for many combinations of TCP
version (loss-based versions) and AQM scheme implemented
at routers. So the reason that the Internet is still functioning
correctly is either the users are socially responsible or it is too
difficult to modify the end-host protocol to behave selfishly.
However, network operators can rely on neither of the two
reasons.
In this paper we evaluate the impact of users’ selfish behavior
through a game-theoretic analysis of the delay-based versions
of TCP (TCP Vegas and FAST TCP). We define the TCP
Vegas Game (FAST TCP Game) in which TCP users
(corresponding to flows) in a network can adjust their
congestion control parameter α 1 to maximize their utilities.
It seems natural to suppose that selfish user could always gain
by using more aggressive congestion control (larger α in our
model). However, more aggressive congestion control can
lead to larger queueing delay, and even loss. Since all users
favor smaller queueing delay and the loss recovery is not a
perfect process, there is always some “cost” resulted from
more aggressive congestion control. Users must trade off
between potential benefit and cost to maximize their own
utilities. From the Game Theory’s point of view, the Nash
Equilibrium [2] reflects the balance between the benefit and
the cost related to the parameter setting, so we analyze the
parameter settings at the Nash Equilibrium.
From the optimization’s perspective, it is shown in [5] that if
user r chooses an amount ωr to pay per unit time in order to
receive a flow rate xr proportional to ωr and the network, as a
whole, attempts to maximize Σrωrlogxr, then the optimal
strategy (choosing ωr) of each user is also the optimal
strategy for the network as a whole. This means individual
rationality necessarily leads to collective rationality. However,
the pricing and payment mechanism is difficult, if not
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There are two parameters (α, β) in TCP Vegas. Throughout this
paper we assume α = β for simplicity and the analysis in this paper
can be easily extended to the situation where α ≠ β.

impossible, to implement, and the network optimization goal
may not be so special, so in real network, individual
rationality does not necessarily lead to collective rationality.
Selfish users may overload the network and render the
network as a whole suboptimal. This motivates us to study the
Price of Anarchy in real circumstances. Furthermore, there is
a close analogy in Game Theory called Tragedy of Commons
problem [6], where each individual can improve his own
utility by using more of a free resource, and the quality of the
common resource degrades as it’s been used more heavily. In
equilibrium, the aggregated utility of all individuals is below
that when they collaborate. So we also study the conditions
under which the games in TCP Vegas and FAST TCP become
Tragedy of the Commons.
Taking the above consideration into account, we seek to
address the following questions in the paper:
(1) What are the parameter settings at Nash Equilibrium
in the TCP Vegas Game and FAST TCP Game?
(2) How efficient is the network under Nash Equilibrium,
or formally, how large is the Price of Anarchy?
(3) Under what condition is the TCP Vegas Game (FAST
TCP Game) a Tragedy of the Commons?
Through both theoretical analysis and simulation validation in
NS-2 [21], we make the following major contributions in this
paper.
(1) First, we obtain the parameter settings of the users at
the Nash Equilibrium in the TCP Vegas Game and
FAST TCP Game under the circumstance of
generalized utility function.
(2) Second, we provide the Price of Anarchy a in the
TCP Vegas Game and FAST TCP Game also under
the circumstance of generalized utility function and
the conditions under which the TCP Vegas Game and
FAST TCP Game are Tragedy of the Commons.
(3) Last but not least, we validate the results through
simulation deployed in NS-2.

function. [7] considers the game where users set the
connection number and in this paper we restrict our attention
to the game where users only set up one connection but have
freedom to set the parameter of congestion control algorithm.

3 The Model
In this section, we will define the TCP Vegas Game and
FAST TCP Game. Formally, in the TCP Vegas game (FAST
TCP Game, respectively), there are n (n ≥ 2) TCP Vegas
(FAST TCP) users (flows) competing for a single bottleneck
link with capacity C and a buffer size B packets. Similar to
[1,9,18], we also assume all users have infinite data to send
and we only consider situations where the flows are
symmetric (i.e., have identical RTT) and we only deal with
symmetric Nash Equilibrium (i.e., Nash equilibrium where
the congestion control parameters of the flows are all equal).
Individual users are treated as players and in this paper we
use users and players interchangeably. The feasible strategy
set of user i, denoted by Si, is [αmin, αmax], where αmin and αmax
are the smallest and largest value available for αi. The feasible
strategy space of the game is S = S1×S2×···×Sn. Then the
action tuple is an n-dimension vector α=(α1, α2, ···, αn)∈S.
For i, the actions other players taking is an (n-1)-dimension
vector α-i=(α1, α2, ···, αi-1, αi+1 , ···, αn). The objective of each
user is to maximize its utility Ui by adjusting αi. Under our
model individual user solves the following problem.
USERi(Ui; α-i):
over
And the Nash Equilibrium αne is defined as:

Furthermore, under our model, the individual user considers
both the throughput xi and queueing delay qi. So we can
further write
. For normal utility function,

The remainder of the paper is organized as follows. In Section
2 we discuss related work. Section 3 presents the theoretical
model. We provide the theoretical analysis results for the
Nash Equilibrium, the Price of Anarchy, and Tragedy of the
Commons in the TCP Vegas Game and FAST TCP Game in
Section 4 and 5, respectively. We further use simulations in
NS-2 to support the results in Section 6. Finally, Section 7
summaries the paper.

The objective of the network as a whole is to maximize the
aggregated utility U = ∑iUi. Under our model the system as a
whole solves the following problem.
SYSTEMi(U):

2 Related Work

over

[1] studies TCP games for several combinations of TCP
versions and AQM schemes deployed at routers. But they
only deal with some loss-based versions and we analyze the
delay-base versions. The mathematical modelling in [9] bases
on an over-simplified TCP called trivial TCP and they do not
consider the impact of queueing delay and the work in [18] is
based on two special utility functions. On contrast, our
analysis is based on more realistic TCP Vegas and FAST TCP
and we take the queueing delay into the generalized utility

The system optimal action vector is defined as:

4 TCP Vegas Game
In this section we analyze the TCP Vegas Game to answer the
three questions in Section 1 for the TCP Vegas Game.

4.1 Nash Equilibrium
In order to obtain the Nash Equilibrium of TCP Vegas Game,
we must first derive the relationship between xi, qi and αi.
Because most routers implement FIFO DropTail, we will
analyze this scheme.
TCP Vegas updates the congestion window every RTT
according to:
where RTTmin is the minimum RTT observed so far and
if z < 0, 0 if z = 0, and 1 if z > 0. Then we can
see that if the buffer is larger enough so that B ≥ ∑iαi, TCP
Vegas will reach the equilibrium under which xi =αiC/∑jαj,
and qi =∑jαj /C. If the buffer is not large enough, there will be
packet loss before TCP Vegas reach the equilibrium and TCP
Vegas will behave more likely TCP Reno [20]. Since we
focus on the game under TCP Vegas, we first analysis the
case where the buffer is larger enough. The discussion of the
situation of insufficient buffer is omitted due to the space
limitation.
For each user,
So his optimal strategy of
condition

.
meets the following first-order

. We then consider the
second-order condition. From Equation (4) and (5), we obtain
.

Consider the nature of the symmetry Nash Equilibrium,
and we use αne to denote this value.
Equation (10) is always satisfied under condition
. This means if the positive effect of high
throughput and negative effect of larger queueing delay from
setting larger αi completely counteract, then players of the
TCP Vegas Game have no preference on different αi and at
Nash Equilibrium,
and αne can be
any positive value from
. Without this condition
we cannot obtain the Nash Equilibrium from Equation (10).
Instead, the Nash Equilibrium is achieved at the boundary
point. It is not hard to obtain that
→+∞ when
and →0 when
. This means if
the positive effect of high throughput from setting larger αi is
larger than negative effect of larger queueing delay (under
condition
), then players of the TCP Vegas
Game
will
favor
larger
αi
and
at
Nash
Equilibrium
; if the positive effect of high
throughput is smaller than negative effect (under condition
), then players of the TCP Vegas Game will
favor smaller αi and at Nash Equilibrium
.
We can obtain the same result from the best-response analysis
[2]. Without loss of generality, we consider the best-response
of player 1 to the actions of other players. If all the other
players set α(0) at the beginning, from the first order condition,
we can get
(α-i=(α(0), α(0), ···,α(0))) =
This means
Then this process goes on and the Nash
Equilibrium is achieved at the stable state. Then we can
obtain

So the crossing point of n best-response function is the Nash
Equilibrium
.
In order to make this analysis more clear, we consider the
following
class
of
utility
functions:
. We can explain
this utility function as follows: players of the TCP Vegas
Game favor high throughput and dislike large queueing delay,
so the utility function is positively correlated with the
throughput and negatively correlated with the queueing delay,
and the parameter a and b stand for the extent to which
players of the TCP Vegas Game favor high throughput and
dislike large queueing delay, respectively. The constraints on
the value range, a and b, are because of the nature of the
normal utility shown in Equation (4) and (5).

This is the same with the results from Equation (10).
From all the analysis above, we have the following theorem:
Theorem 1 (Nash Equilibrium): For the TCP Vegas Game
with
symmetric
utility
function
,
the
symmetric Nash Equilibrium is:

For this class of utility functions, we need to solve the Nash
Equilibrium from the n first-order conditions:
Where
4.2 Price of Anarchy
In order to quantify the loss of the efficiency of the worst
Nash Equilibrium, we introduce the notion of Price of
Anarchy [4]. Price of Anarchy is defined as the ratio of
system cost at the worst Nash Equilibrium to the system

performance at the system cost at the system optimal point.
Here we consider the system cost as the
. So the Price
of Anarchy can be calculated from the Equation (13):

the TCP Vegas Game, and the analysis of the Price of
Anarchy and the Tragedy of the Commons is exactly the same
as that in the TCP Vegas Game.

6 Simulations
Here we still consider the symmetric utility function
. The Nash
Equilibrium is obtained from the last subsection, so we only
need to derive the system optimal point. For the system, it
aims
at
maximizing
the
aggregated
utility
. Because when
,
equation if and only if all
optimal point
utility function is
system optimal point is

and the inequation becomes
are the same, at the system
. Then the system
. Because

, the
.

From the analysis above, we have the following theorem
about the Price of Anarchy.

In this section, we will validate the analysis results in Section
4 and 5 using NS-2 simulations. We will first introduce the
simulation methodology. Then we will provide the simulation
results.
6.1 Simulation Methodology
Since we assume that all users compete for a single bottleneck
link, we use the standard dumb-bell topology shown in Figure
1 for our simulations. User i traverses the path from Si to Di.
In all our simulations, we set the bottleneck capacity C to
10Mbps and we fix n = 10. The buffer is large enough. The
simulation methodology for arriving at the Nash Equilibrium
is similar to [1] when users are allowed to vary the parameter
αi from 1 to 100. So
.
S1

D1

S2

D2
R1

Theorem 2 (Price of Anarchy): For the TCP Vegas Game
with
symmetric
utility
function
, the Price of

R2
10Mbps, 50ms

100Mbps, 5ms

100Mbps, 5ms

Sn

Anarchy is:

4.3 Tragedy of the Commons
From [6], a game is a Tragedy of the Commons when the
following two conditions hold:
(1) Condition 1: There is always an incentive for a new
user to become selfish. This means that at Nash
equilibrium, all users are selfish.
(2) Condition 2: The aggregated utility for selfish users
in the Nash equilibrium is under the aggregated
utility when all users collaborate.
Formally, we have the following theorem:
Theorem 3 (Tragedy of the Commons): For the TCP Vegas
Game
with
symmetric
utility
function
,
is
the necessary and sufficient condition for the game to be the
Tragedy of the Commons.

Dn

Figure 1: A single-bottleneck topology
We now brief introduce the methodology and readers can
refer [1] for more details. We run the simulations in iterations.
In the jth iteration, we fix the parameters of User 1 to 9 to αj,
and User 10 varies it parameter α10 from 1 to 100 to find the
optimal value αj,best. We use this optimal value as the value of
αj+1 and go on with the (j+1)th iteration. The simulation stops
when at some iteration k, αk,best = αk and this value is the Nash
Equilibrium value of αne. For the system as a whole,
obviously
at
the
system
optimal
point
. So we will vary from 1 to 100
to find the system optimal value
. We run simulations for
TCP Vegas and FAST TCP. For each version, we consider
two situations where b is large enough (a = 0.5, b = 10) and b
is not large enough (a = 0.5, b =1).
6.2 Nash Equilibrium in TCP Vegas Game
The simulation results of the Nash Equilibrium in the TCP
Vegas Game are shown in Figure 3. All the results of FAST
TCP is exactly the same.
10

10

0

Iteration
Iteration
Iteration
Iteration
Iteration
Iteration

5 FAST TCP Game
10

-1

10

10

utility of user 10

FAST TCP updates the congestion window periodically
according to [3]:

utility of user 10

10

1
2
3
4
5
6

-2

10

10

10

where RTTmin is the minimum RTT observed so far. So we
can regard FAST TCP as the fast version of TCP Vegas. So
the Nash Equilibrium of the FAST TCP Game is the same as
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Figure 3: Simulation Results for Nash Equilibrium in TCP
Vegas Game. (a) a = 0.5, b = 1; (b) a = 0.5, b = 10.
As shown in Figure 3, for a = 0.5, b =10, Nash Equilibrium is
; for a =
0.5,
b
=10,
the
Nash
Equilibrium
is
, both are (almost)
the same as the theoretical analysis results.
Simulation result for the system optimal point is shown in
Figure 4. We can see that the system optimal point is always
, which is the
same as the theoretical analysis result.
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Figure 4: Simulation Results for system optimal point in TCP
Vegas Game (a = 0.5)

7 Conclusion
In this paper we provide a game-theoretic analysis of TCP
Vegas and FAST TCP. From the theoretical analysis and
simulation results we answer all the three questions proposed
in Section 1.1 and we show that selfish behavior can cause
system inefficiency.
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